Elliptic Singular Fourth Order Equations 



Mohammed Benalili and Kamel Tahri 



Abstract. Using a method developped in [1] and [2], we prove the 
existence of weak non trivial solutions to fourth order elliptic equations 
with singularities and with critical Sobolev growth. 



1. Introduction 

Fourth order elliptic equations have been widely studied these last years 
because of their importance in the analysis on manifolds particularly those 
involving the Paneitz - Branson operators. Many works have been devoted 
to this subject ( see P, [2], [3], pQ, [5], [6], [7], [8], [9] [10], p3] and [H] 
). Different techniques have been used for the resolution of the fourth or- 
der equations as example the variational method which was developed by 
Yamabe to solve the problem of the prescribed scalar curvature. Let (M, g) 
a compact smooth Riemannian of dimension n > 5 with a metric g. We 
denote by H^M) the standard Sobolev space which is the completed of the 
space C°° (M) with respect to the norm 

k=2 

IMIa.2 = JZ|| V ^| 2 - 
H^M) will be endowed with the suitable equivalent norm 

\\ u \\hI(m) = (J (( A 9 U ) 2 + l v s«| 2 + u 2 ) dv g)^- 

In 1979, |17j . M. Vaugon has proved the existence of real A > and a non 
trivial solution u G C 4 (M) to the equation 

A^u — divg (a(x)Vgu) + b(x)u = Xf(t, x) 
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where a, b are smooth functions on M and f(t, x) is odd and increasing 
function in t fulfilling the inequality 

\f(t,x)\ < a + b\t\»-* . 

D.E. Edminds, D. Fortunato and E. Jannelli [14j have shown that the only 
solutions in R n to the equation 

A 2 

A u = u n ~ 4 

are positive, symmetric, radial and decreasing functions of the form 

((n - 4)n(n 2 - A)e 4 



n — 4 



u e {x) 



n — 4 
2 



(r 2 + e 2 )" 

In 1995, [15] Van Der Vorst obtains the same results as D.E. Edminds, D. 
Fortunato and E. Jannelli to the following problem 

J A 2 u — Xu = u \u\ in S7, 
I Au = u = on dQ, 

where is a bounded domain of R n . 

In 1996, [9] F. Bernis, J. Garcia-Azorero and I.Peral have obtained the 
existence at least of two positive solution to the following problem 

I A 2 u — Xu \u\ q ~ 2 = u \u\ in 0, 
I An = u = on dQ, 

where is bounded domain of R n ,l < q < 2 and A > in some interval. 
In 2001, [12] . D. Caraffa has obtained the existence of a non trivial solution 
of class C 4,a , a G (0, 1) to the following equation 

A 2 g u - V a (a(x)V a u) + b(x)u = Xf(x) \u\ N ~ 2 u 

with A > 0, first for / a constant and next for a positive function / on M. 

Recently the first author [4], has shown the existence of at least two 
distinct non trivial solutions in the subcritical case and a non trivial solution 
in the critical case to the following equation 

A 2 u - V a (o(x)V a «) + b{x)u = f(x) \u\ N ~ 2 u 

where / is a changing sign smooth function and a and b are smooth func- 
tions. In pS] the same author proved the existence of at least two non trivial 
solutions to 

A 2 g u - V a (a(x)V a u) + b(x)u = f(x) \u\ N ~ 2 u + \u\ q ~ 2 u + eg(x) 

where a, b, f, g are smooth functions on M with / > 0, 2 < q < N , A>0 
and e > small enough. Let S g denote the scalar curvature of M. In 2010, 
[S], the authors proved the following result 
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Theorem 1. Let (M,g) be a compact Riemannian manifold of dimen- 
sion n > 6 and a, b, f smooth functions on M, A G (0, A*), 1 < q < 2 
such that 

1) f{x) > onM. 

2) At the point x a where f attains its maximum, we suppose, for n = 6 

S g {x ) + 3a(x ) > 

and for n > 6 

/ V+4n-20) (n-1) > p 

TTten £/ie equation 

A 2 u + diw 9 (a(x)V 9 u) + b(x)u = A |n| 9_2 n + f(x) \u\ N ~ 2 u 

admits a non trivial solution of class C 4,a (M), a G (0, 1). 

Recently, F. Madani [14] , has considered the Yamabe problem with sin- 
gularities which he solved under some geometric conditions. The first author 
in [Tj considered fourth order elliptic equation with singularities of the form 

(1) A 2 u - V i (a(x)Viu) + b(x)u = f \u\ N ~ 2 u 

where the functions a and b are in L S (M), s > ^ and in L P (M), p > ? 
respectively, N = is the Sobolev critical exponent in the embedding 
H$(M) ^ L N (M). He established the following result. Let (M, g) be 
a compact n-dimensional Riemannian manifold, n > 6, a G L S (M), b G 
LP(M), with s > f , p > f , / G C°°(M) a positive function and x a £ M 
such that /(x ) = max xe M/(s). 

Theorem 2. For n > 10, or n = 8,9 and 2<p<5 ; |<s< 11 or 
n = 7, | < s < 9 and | < p < 9 we suppose that 

n 2 + 4n-20 re - 4 A/(x p ) 

6(n-6)(n 2 -4) slXoj 2n (n - 2) f(x ) > 

For n = 6 and | < p < 2, 3 < s < 4, we suppose that 

Sg(x o ) > 0. 

T/ien t/ie equation (OP /ias a non trivial weak solution u in LL\ (M) . Moreover 
if a G fTf (M), tfien « G C ^ (M), /or some /3 G (o, 1 - ^ 

In this paper, we are concerned with the following problem: let (M, g) 
be a Riemannian compact manifold of dimension n > 5. Let a G L r (M), 
b G L S (M) where r > ^, s > f and / a positive C°°-function on M; we 
look for non trivial solution of the equation 

(2) A 2 u + divg (a(x)V g u) + 6(x)n = A |n| g ~ 2 u + f(x) \u\ N ~ 2 u 

where 1 < q < 2 and iV = is the critical Sobolev exponent and A > a 
real number. Our main result states as follows 
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Theorem 3. Let (M,g) be a compact Riemannian manifold of dimen- 
sion n > 6 and f a positive function. Suppose that P g is coercive and at a 
point x where f attains its maximum the following conditions 

(C) 

A/(x ) , I n(n 2 +4n-20) 1 n _ 2 \ Q , , . 

< l3(n+2)K4)M (l+|wl+||k|L) | " 3(^1) I b 9 \ X °) 171 CaSe U>b 

S g (x ) > in case n = 6. 
are true. 

Then there is A* > suc/i i/ia£ for any A 6 (0, A*), the equation ^ has 
a non trivial weak solution. 

For fixed R G M, we define the function p on M by 

J d(i?,Q) if d(R,Q)<8(M) 
W PW-\ j(M) if d(R,Q)>5(M) 

where <5(M) denotes the injectivity radius of M. 

For real numbers a and consider the equation in the distribution sense 

(4) A 2 u - V 4 (— V iU ) + — = A |n| 9 " 2 it + /(x) \u\ N ~ 2 u 

p a pf* 

where the functions a and b are smooth on M, 

Corollary 1. LetO < a < j < 2 and < p < j < 4. Suppose that 

/(x„) < 3 I (n 2 -4)(„-4)(„-6) ( 1+ || || r + || 6 || s )^ J 9 { 0) 

Sg(x ) > in case n = 6. 

TTien i/iere is A* > suc/i i/iai if A G (0, A*), i/ie equation possesses 
a weak non trivial solution u a » G M\. 

In the sharp case cr = 2 and = 4, letting if (n, 2, 7) the best constant 
in the Hardy-Sobolev inequality given by Theorem [6] we obtain the following 
result 

Theorem 4. Let (M,g) be a Riemannian compact manifold of dimen- 
sion n > 5. Let (u am Mm ) m be a sequence in M\ such that 



Suppose that 



CfT.II, ^ 



n^ 4 (/(x )) — 
and 

1 + a~ max (if (re, 2, cr), ^4 (e, cr)) + 6~ max (if(n, 2, /x), A (e, /x)) > 
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then the equation 

A 2 T-7U,/ a V7 \ I bu N _ 2 . ,g_2 

in the distribution has a weak non trivial solution. 

2. Existence of solutions 

In this section we focus on the existence of solutions to equation ([I]) ; we 
use a variational method so we consider on H^M) the functional 



M 



f{x) \u\ N 



J \( u ) = \ [ (\A g u\ 2 - a{x)\V g u\ 2 + b{x)u 2 ) dv g -- f \u\ q dv g -^- f 
1 Jm v j 1 Jm iV J A 

First, we put 

$ A («) = (VJ A (n), u) 

hence 

<&a(u) = / ((A g u) 2 — a(x)\V g u\ 2 + b(x)u 2 ) dvg—X / \u\ q dv g — f(x)\u\ N dv g . 
Jm v - J J M ./ ',/ 

We let 

M A = {u G J?J(M) : $ A (tt) = and ||u|| > r > 0} . 
The operator P g {u) is said coercive if there exits A > such that for any 
u G #f(M) 

J uP g {u)dv g > A\\u\\ 2 H 2 {M) . 

PROPOSITION 1. ||u|| = (f M \A g u\ 2 - a(x)\V g u\ 2 + b(x)u 2 dv g )^ is an 
equivalent norm to the usual one on H%(M) if and only if Pg is coercive. 

Proof. If P g is coercive there is A > such that for any u £ H^M), 



/ P g {u)udv g > A||u||i 2(M) 

JM 2 



and since a G L r (M) and b G L S (M) where r > ^ and s > ^, by Holder's 
inequality we get 



/ UPg(u)dVg < \\AgU\l 2 , + ||o|| 2 1 1 | ^* + 

JM 2 



™ IMI N 

4 



where 2* = 



u| 2 ) c?f n 



The Sobolev's inequalities lead to : for any n > 

||V fl u|& < max((l + r/)ET(n,l) 2 ,^) / (|V 2 u| 2 + |V ( 

JM V 

where K(n, 1) denotes the best Sobolev's constant in the embedding Hf (R n ) 

2n 

L"- 2 (i?™), and for any e > 



it 



% < max((l + e)K a ,B £ ) \\u\\ 2 H 2 {M) 
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where in this latter inequality K is the best Sobolev's constant in the em- 

„ 2n 

bedding Hf (M) <^ L n - 2 (M) and B e the corresponding see ( see [3j). Now 
by the well known formula (see [3j, page 115) 

J \V 2 g u\ 2 dv g = j (\A g u\ 2 - R ij 'V i uV j uj dv g 

where Rij denote the components of the Ricci curvature, there is a constant 
/3 > such that 

/I2|2 /i i2 1 2 

/ |V„1t| dVg < I \A.gU\ +(3\\7gU\ dv g 

Jm Jm 

so we get 

||V fl «||2. < (/3 + l)max((l + r ? )ET(n,l) 2 , J 4, ) ) / (| A g u\ 2 + \V g u\ 2 + u 2 ) dv g 
and we infer that 

J P g (u)udv g < \\u\\ 2 H 2 {M) +((3+l) \\a\\n max((l+r])K(n, lf,A v ) \\u\\ 2 H 2 (M) + 
\\b\\nm&x((l + e)K ,B £ ) \\u\\ 2 H 2 (M) . 

Hence 

/ uPg{u)dv g < max (l, „ max((l + e)K , B £ ), (j3 + 1) \\a\\n max((l + e)K{n, l) 2 , A £ )) \\u\\ 2 H 



l(M) ■ 



>0 

□ 

Lemma 1. The set M\ is non empty provided that A G (0, A Q ) where 

N — q 

(29- 2 - 2 q ~ N ) 

^° ~~ 7i Q~\ 2- g N-q ■ 

V(M)^-n) (max ieA f/(x))^ (max((l + e)K (n, 2) , A e ))^=i 

Proof. The proof of Lemma Q] is the same as in ([8]), but we give it 
here for convenience. Let t > and u 6 H^M) — {0}. Evaluating Q\ at tu, 
we get 

$ A (» = t 2 \\ U \\ 2 - \t q \\ U \\ q q -t N J f(x) \ U \ N dVg. 

M 

Put 

a(t) = \\u\\ 2 - t N ~ 2 j f{x) \u\ N dv{g) 
M 

and 

f3(t) = ^~ 2 \\u\\l ; 
by Sobolev's inequality, we get 

a(t) > \\u\\ 2 — max/(x)(max((l + e)K a , A £ ))~ \\u\\^2t M \ t N ~ 2 . 

X&M 2\ I 
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By the coercivity of the operator P g = A 2 — div g (dV g ) + b there is a constant 
A > such that 

a(t) > INI 2 - A-f msx.f(x)(max((l + e)K ,A € ))T \\u\\ N t N - 2 . 
Letting 

ai (t) = \\ u f - A~f max/(x)(max((l + e)K ,A e ))% \\u\\ N t N ~ 2 
xeM 

Holder and Sobolev inequalities lead to 

/3(t) < XV(M)^-^(m a x((l + e)K ,A £ ))"2 ||«||^ 2(M) t q ~ 2 

and the coercivity of P g assures the existence of a constant A > such that 
p{t) < AA-5F(M)( 1 -^)(max((l + e)K ,A £ ))2 \\u\\ q t q - 2 . 

Put 

P^t) = XA~2V(M)^N)( max ((i + e)K ,A £ ))2 \\ u \\ q t q ~ 2 . 
Let t Q such a\(t ) = i.e. 

N 

\\u\\ (max x6M f(x))^ (max((l + e)^ , A e )) 

Now since is a decreasing and a concave function and P\{t) is a de- 

creasing and convex function, then 



and 



where 



min a 1 (t) = a 1 (-) = ||nf(l-2 2 - A ')>0 
t e(o, 4f ] 2 



min ^(t) =^(|) >0 
t 6(0, 4f] 2 



t . 2 2 -«AF(M)( 1 ^'A^ ||u|| 2 



o / q— N q — 2 ' 

(max((l+e)K ,A e ))N-2 (m&x xeM f(x)) 
Consequently <J>a(£m) = with i G (0, y] has a solution if 

min > max Pi(t) 

t 6(0, t 6(0, 4f ] 

that is to say 

( 2 </-2 _ 2q -N^ ( maXx6M /( x ))|E| ( m ax((l + e)K ,^ £ ))^ _ 
U < A < — A 

Let ti G (0, l f] such that = 0. If we take u <E H 2 (M) such that 

IMI > ^ an d ^ = ii« we get $a(^) = and \\v\\ = t\ \\u\\ > p i.e. v G Ma 
provided that A G (0, A Q ). □ 
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3. Geometric conditions of J\ 

The following lemmas whose proofs are the same as in [8] will be useful. 

Lemma 2. Let (M,g) be a Riemannian compact manifold of dimension 
n > 5. For all u £ M\ and all A G (0, min (A , Ai)) there is A > such that 
J\( u ) > ^4 > where 

Ai - m=T) A 



y(M) 1 "iv(max((l + e)K(n,2),A £ ))2 T i- 2 

Lemma 3. Let (M,g) be a Riemannian compact manifold of dimension 
n > 5. The following assertions are true: 

(i) (V$\(u),u) < for all u G M\ and for all A € (0, min(A , Ai)). 

(ii) The critical points of J\ are points of M\. 

4. Existence of non trivial solution in M\ 

In this section, first we show that J\ satisfies the Palais-Smale condition 
on M\ provided that A > is sufficiently small. 

Lemma 4. Let (M,g) be a compact Riemannian manifold of dimension 
n > 5. Let (u m ) m be a sequence in M\ such that 

J\(Um) < c 

vj x (u m ) - fj, m y^x(u m ) ->■ o 

Suppose that 

2 

c < s 



n — 4 
4 



nEr 4 (/(xo))- 

then there is a subsequence (u m ) m converging strongly in ff|(M). 
Proof. Let (u m ) m C M A 

t ( \ N ~ 2 II II 2 /" , |, , 

J\(u m ) = — T \\um\\ -A— — / u m y dt; 9 
2A jVg 7 M 

As in the proof of Lemma [21 we have 

J\{u m ) > ||u m || 2 -A^-^A-iF(M) 1 -^(max((l+e)K , A e ))§ \\u m \\ q 

Jx(u m ) > ||n m || 2 (^-^-A^-^A-§y(M) 1 -l(max((l+ £ )K ,yl £ ))fr^ 2 ) > 
2A Ag 

(iV-2) g A g 

and since < A < — 9 2(JV ~ g) 5 and J\(u m ) < c, we get 

V(M) 1_ TV(max((l+£) J ft'(ra,2),A £ ))2r9-2 

c > J\(u m ) 

> [^=^ - A^-^A-^(A/) 1 -^(max((l + £ )# , ^))ir"- 2 ] ||n m || 2 > 
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SO 

"" m112 " W ~ A^A-^(M) 1 -/(m a x((l + e)K ,A £ ))ir^ < ^ 

(u m ) m is a bounded in H^M). By the compactness of the embedding 
H%(M) C H^(M) (k = 0, 1; p < N) we get a subsequence still denoted 
(« m ) m such that 

u m — > u weakly in fl|(M) 

u m —7- u strongly in L P (M) where p < N 

Vu m ->■ Vu strongly in L P (M) where p < 2* = 

u m — > u a.e. in M. 
On the other hand since < N = > we obtain 



b(x) \u m — u\ 2 dv g 

M 



< \\bL \Wm ~ U\\ 2 2s 



3-1 



< [|6|| a \{K + e) ||A (u m - u)\\l + A € \\u m - u\ 
Now taking account of 

(K) K = K < 1 

n(n 2 - 4) (n - 4) ufi 

we get 

b(x) (u m - u) 2 dv g < \\b\\ s || A (u m - u)\\\ + o(l) . 

M 

By the same procedure as above we get 

a(x) |V (u m - u)\ 2 dv g < \\a\\ r ||A (u m - u)^ + o (1) . 

M 

By Brezis-Lieb lemma we write 



IM 

and also 



(AgU m ) 2 dVg 



/ (AgU) 2 dVg+ (Ag(U m ~ U)) 2 dVg + 0(1) 

Jm Jm 



f(x)\u m \ N dvg = / /O) \u\ N dvg + / /(x) |tt m - u\ N dv g + o(l). 
m Jm Jm 

Now we claim that fj, m — > as m — > +oo 

Testing with u m we obtain 

{VJ\{u m ) - ii m V$\{u m ),u m ) = o(l) 
= (VJ A (u m ), u m ) - /i m (V$aCO) u ™) = c^ 1 ) 

V v ' 

=o 

hence 

fj, m (V$\(u m ),u m ) =o(l). 
By Lemma El we get limsup m (VQ\(u m ),u m ) < so 

fi m — > as m — > +oo. 
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Our last claim is that u m — > u strongly in il|(M), indeed 

J\{u m ) ~ J\(u) 

= -[ {A g (u m - u)f dv c - — [ f(x)\u m -u\ N dv g + o(l). 
1 Jm iV Jm 

Since u m — u — > weakly in fl|(M), we test with VJ\(u m ) — VJ\(u) 
{VJ x (u m ) - VJa(u), u m -u) = o(l) 

(5) =/ (A g (u m - u)) 2 dv g - f(x) \u m -u\ N dv g = o(l) 



M JM 



and get 



(A g (u m - u)) 2 dv g = / /(x) |u m - til^dug + o(l) 

M JM 



and taking account of (0) we obtain 



1 /" , ■ 1 



J\{U m )- J\(U) = - I (Ag(u m -U)) dVg-— / (Ag(U m -U)) dV g + o(l) 

2 ' m iV Jm 



i.e. 



2 



J\{u m ) ~ J\(u) = - / (A s (ii m - u)) 2 cfo 5 + o(l). 
n •/ M 

Independently, by the Sobolev's inequality we have 

(6) \\u m - u\\ 2 N < (1 + e)K I {A g (u m - u)) 2 dv g + o(l). 

Since 

/ /(») |«m - u\ N dvg < max/(x) ||it m - u\\% 
Jm xeM 

we infer by ([6]) that 

/(x) \u m - u\ N dvg < (1 + e)^ maxf(x)Kf* ||A g (n m - u)||f + o(l) 
and appealing equality © 

o(l) > \\A g (u m - u)\\l - (1 + max/(x)^ ||A g (u m - u)\\% + o(l) 

> \\A g (u m - u)\\ 2 2 (1 - (1 + e) ^ max/(x)^ \\A g {u m - u)\\*- 2 ) + o(l) 
so if 

2 1 

(8) limsup ||A 9 (n m - u)|L < — 5 



g V "fn "7 1 1 2 _ 



then u m — > u strongly in -£f| (M). The condition ([8]) is fulfilled since by 
Lemma [2] Jx (u) > on M\ with A is as in Lemma [2] and by hypothesis 

2 

™ Jm 



c> J\ (u m ) > (J\ (u m ) - J\ (u)) = - I (A g (u m - u)) 2 dvg 
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and 

2 

C < 55 



n K 4 (max xeM 1 
It is obvious that 

$>\(u) = and ||n|| > r 
i.e. u G M\. □ 

Now we show the existence of a sequence in M\ satisfying the conditions 
of Palais-Smale. 

Lemma 5. Let (M,g) be a compact Riemannian manifold of dimension 
n > 5, then there is a couple (u m ,fj, m ) G M\ x R such that VJ\(u m ) — 
ju m V$A(«m) - > strongly in (.ff|(M))* and J\ (u m ) is bounded provide that 
A G (0, A*) mtt A* = {min(A , Ai), 0}. 

Proof. Since J A is Gateau differentiable and by Lemma [1] bounded 
below on M\ it follows from Ekeland's principle that there is a couple 
(u m , /J, m ) G M\ x i? such that VJ\(u m ) — ^ m V$A(""m) — > strongly in 
(flf (M))' and J A (« m ) is bounded i.e. (it m , n m ) m is a Palais-Smale sequence 
on M A . □ 

Now we are in position to establish the following generic existence result. 

Theorem 5. Let (M,g) be a compact Riemannian manifold of dimen- 
sion n > 5 and f a positive function. Suppose that P g is coercive and 

(CI) c< g-? — . 

nK*(f(x )) — 

Then there is A* > such that for any AG (0, A*), the equation HjJ has a 
non trivial weak solution. 

PROOF. By Lemma [4] and [5] there is u G H\ (M) such that 

J\(u) = min J\(cp). 

By Lagrange multiplicative theorem there is a real number [i such that for 
any tp G flf ( M ) 

(9) (VJ A (n),v9) =^(V$ A (n),v9) 

and letting = n in the equation Q, we get 

$ A (u) = (VJa(«),u) =m<V*a(w),«)- 

By Lemma [3] we get that \i = and by equation ([9]), we infer that for any 

ip G Hi (M) 

(VJ A (u),^)=0 

hence it is weak non trivial solution to equation ([2]) and since by Lemma [2] 
critical points of J A , we conclude that u G M\. □ 
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5. Application 

Let P £ M, we define a function on M by 



(10) P JQ) 



d(P,Q) if d(P,Q) < 5{M) 
5(M) if d(P, Q) > 5(M) 

where 5(M) is the injectivity radius of M. For brevity we denote this func- 
tion by p. The weighted IP (M, p 7 ) space will be the set of measurable 
functions u on M such that p 7 \u\ p are integrable where p > 1. We endow 
IP (M, p 7 ) with the norm 



11-11^,^ = 

In this section we will be in need of the following Hardy-Sobolev inequality 
and Releich-Kondrakov embedding respectively whose proofs are given in 

cm>- 

Theorem 6. Let (M,g) be a Riemannian compact manifold of dimen- 
sion n > 5 and p, q , 7 are real numbers such that ^ = ^ — ^ — 2 and 
2<p< -22- 

For any e > 0, i/iere is -A(e,<7, 7) suc/i i/iaf /or any u 6 H?;{M) 

(11) IMI^ < (1 + e)i^(n, 2, 7 ) 2 || A tf «|g + A(e, g, 7) \\u\\l 
where K(n,2,'y) is the optimal constant. 

1 

In case 7 = 0, K(n, 2, 0) = K (n, 2) = K£ is the best constant in the 
Sobolev's embedding of flf (M) in L N (M) where iV = 

Theorem 7. Let (M, 5) 6e a compact Riemannian manifold of dimen- 
sion n > 5 and p, q , J are real numbers satisfying 1 < q < p < , 7 < 
and i = 1,2. 

tf'p =n (q~ p)~ I then the inclusion Hf(M) C L p (M,p' y ) is continuous. 
V p > n (q ~ \) ~ 1 then Elusion H?(M) C L p (M,p 7 ) is compact. 
We consider the following equation 

(12) A 2 u + divg ( ^J vgii^j H — = ^ | | ^ 2 u + /(x) M^ -2 u 

where a and b are smooth function and p denotes the distance function 
defined by (fTUj) . A > in some interval (0, A*), 1 < q < 2, a, p will be 
precise later and we associate to (112p on flf (M) the functional 



If we put 

* A («) = (VJ A (n), n) 
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we get 

$\(U) = [ (AgU) 2 -^^\VgU\ 2 +^-^-U 2 dVg-X [ ^dVg-j f ' (x) \u\ N dV <g . 

Jm P P^ Jm Jm 

Theorem 8. Let < a < ^ < 2 and < fi < £ < 4. Suppose that 



sup J\ >(T>fi (u) < 



V 

2 



n — 4 
4 



J\,<T,n(u a ,n) = ~7TT7~ ||?V, M || 2 ~ A— / lu^] 9 (fog. 



ill 



uefl|(M) nK 4 (/(x ))- 

i/ien i/iere is A* > swc/i i/tai if X £ (0, A*), i/te equation i TTg)) possesses a 
weak non trivial solution E M^. 

Proof. Let a = ^ and 6 = ^2, so if a G (0,min (2, f)) and fx E 

(0,min(4,|)), obliviously a G L S (M), 6 G L P {M), where s > § and p > § 
.Theorem [8] is a consequence of Theorem □ 

6. The critical cases a = 2 and = 4 

By section four, for any a G (0,min (2, ^)) and ,u G (0,min(4, ^)), there 
is a solution u ffi/1 G M\ of equation ([2]). Now we are going to show that the 
sequence {u^ tfi ) a is bounded in if| (M). Evaluating Ja,<t,^ & t ^o-,^ 

Jx,a,ti(u ajfl ) = - \\u a ^\\ 2 - — [ f(x) \u a ^\ N dv g - -A / \u a ^\ q dv g 
1 iV ./a/ Q Jm 

and taking account of u atll G M^, we infer that 

N-2 2 

For a smooth function a on M, denotes by a~ = min (0, mm X £M(a>(x)). 
Let -fC(n, 2, cr) the best constant and A (e, a) the corresponding constant in 
the Hardy- Sobolev inequality given in Theorem [6l 

Theorem 9. Let (M,g) be a Riemannian compact manifold of dimen- 
sion n > 5. Let {u m ) m = (ii CTm ,/i m ) be a sequence in M\ such that 

v j\(u m ) - v a :i y®\{u m ) -> 

Suppose that 

2 

n .FT (n, 2) * (max xeM /(a;))~i~ 

1 + a~ max (K(n, 2, cr), A (e, u)) + b~ max (K(n, 2, /i), A (e, /x)) > 
then the equation 

A 2 n - V(-^V„u) + ^ = / |«r- 2 u + A \u\i~ 2 u 
P P 

has a non trivial solution in the distribution. 
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Proof. Let (%) c M x , a 



7 f ^ N ~ 2 II II 2 /" , |, , 

Jx,a,a{u m ) = \\U m \\ -A— / -U m y dU 9 

As in proof of Theorem [5j we get 

(iV-2) 9 , § 

where < A < ^ 



V(M) 1 "TV(max((l+£)A'(n,2),A £ ))2 r '3-2 

First we claim that 



f I ^7t/ I ^ 

/ ^ -dv q <C(\\V\Vu\\\ 2 + \\Vu\ 

Jm p" 



lim inf A a „ > 0. 

(<t,/u)-^(2-,4-) 

Indeed, if ^i,<r )M denotes the first nonzero eigenvalue of the operator P g = 
A 2 — div ^^V g J + ^r, then clearly A CT)A< > vi t a,n- Suppose by absurd that 
lim( CT ^_ >(2 - ) 4-)inf A CT)/U = 0, then liminf( . ^_ >(2 - ) 4-) u 1;a)fl = 0. Indepen- 
dently, if u atlM is the corresponding eigenfunction to ^i )0 - lAt we have 

ii * l|2 f a\Vu\ 2 , /• bu 2 , 
i/ w = ||An|| 2 + / d«j + / — cfc g 

,. a ..2 /" |Vn| 2 , , /" u 2 , 

(13) > A« +a / J -Gfe„ + 6 / — dv„ 

" 2 J P a 9 Jm P» 9 

where a - = min (0, min^g^ a{x)) and b~ = min (0, min^gM b{x)). The 
Hardy- Sobolev's inequality given by Theorem [6] leads to 

2 

—dv < C(||V|Vu||| 2 1 2 - 

M 

and since 

||V|Vn||| z < \\V z u\\" < ||An|| z + /3||Vu|| 

where /3 > is a constant and it is well known that for any e > there is a 
constant c (e) > such that 

||Vn|| 2 < e ||Au|| 2 + c\\u\\ 2 . 

Hence 

(14) / \^Ldv g <C(l + e)\\Auf + A(e)\\u\\ 2 
Jm P a 

Now if K(n, 2, a) denotes the best constant in inequality (|14p we get for any 

£ > 

f I ^7l£ I ^ 

(15) / ^—^dv q < (K(n,2,a) 2 + e) \\Au\\ 2 + A(e,a) \\u\\ 2 . 
Jm P a 

By the inequalities (fTTj) , (fT3|) and (fT5j) , we have 

fi.o-./u > (l + «~ max(K(n,2,a),A(e,a)) + 6~ max (if (n, 2, //), A (e, /i))) (|| Au<j !At || 2 + \\u a)t . 
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So if 

1 + a" max (K(n, 2, a), A (e, a)) + b~ max (K(n, 2, fi), A (e, fi)) > 

then we get lim^ (u a>IJi ) = and ||?v,/J| = 1 a contradiction. 

The reflexivity of H%(M) and the compactness of the embedding 11$ (M) C 

Hp(M) ( k = 0,1; p < N ), imply that up to a subsequence we have 

u m — > u weakly in H%(M) 

u m — > u strongly in L P (M), p < N 

Vu m -»• Vu strongly in L P (M), p < 2* = ^ 

u m —7- u a.e. in M. 

The Brezis-Lieb lemma allows us to write 

/ (A g u m ) 2 dv g = / (A g u) 2 dv g + / (A 9 (u m - u)) 2 dv g + o(l) 
Jm Jm Jm 

and also 

/ f(x)\u m \ N dv g = f{x)\u\ N dv g + I f(x) \u m - u\ N dVg + o(l). 
Jm Jm Jm 



Now by the boundedness of the sequence (u m ) m , we have that u m 
weakly in H$(M), 

Vu m — >■ Vu weakly in L 2 (M,p~ 2 ) and u m ^ u weakly in L 2 (M,p~ 4 
i.e. for any </? G L 2 (M) 



u 



I aO 
7m P : 



a(x) 
— \7u m \/ipdvg 



a(x) 

— —VuVifdvg + o(l) 



and 



M P 



&(*) 



M P 
6(s 



M P 



■wpdvg + o(l). 



For every G H 2 (M) we have 
(16) 



^ ^A^u m + diVg (^-^^gUrn^J + ^7^™^ = / ( A W 2 Um + ^( x ) 

By the weak convergence in H$(M) we have immediately 

/ 4>A 2 u m dv g = I <pA 2 udv g + o(l) 
Jm JM 



and 



f fa{x 

Jm V p ff - 



Then 



a(x) 



a(x) 

T 2 



Jm (p 



a(x) 

- V gU m 



f ( a(x)^ a(a;)_ \ , , 



< 



-Y g u m <pdv 



M 



2 ^ gV"m 



—YgU ) (j)dVg 
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(17) 



< 



\a(x)4>V g u 



M 



g u-m | 



P° 



dVg + 



a{x) . 
— 2-v 9 [u r 



M P 



u) <j)dv g 



The weak convergence in L 2 (M, p~ 2 ) and the Lebesgue's dominated conver- 
gence theorem imply that the second right hand side of (|17j) goes to 0. For 
the third term of the left hand side of (I15D. we write 



and 



(18) 



b(x) 



-U r , 



Kx) . , 
-^-u ) <j)dv g 



b(x) 



M V P 



bjx) 



U m + 



b(x) 



-U r , 



b{x) . , 
-^-u ) <f>dv g 



< 



[ w 

JM 



s 


fb(x) 

V p Sm 






1 


1 


Um | 




'7 



6(a) 



u m - li) (frdVg 



Here also the weak convergence in L 2 (M, p 4 ) and the Lebesgue's dominated 
convergence allows us to affirm that the left hand side of (I18D converges to 
0. 



It remains to show that fj, m — > as m — > +oo and u r 



u strongly in 



Hi (M) but this is the same as in the proof of Theorem [5] which implies also 
u £ M\. □ 

7. Test Functions 

In this section, we give the proof of the main theorem to do so, we con- 
sider a normal geodesic coordinate system centred at x a . Denote by S Xo (p) 
the geodesic sphere centred at x Q and of radius p ( p < d =the injectivity 
radius). Let dQ be the volume element of the n — 1-dimensional Euclidean 
unit sphere S" 1 " 1 and put 

1 



G(p) 



S(P) 



where co n -i is the volume of and \g(x)\ the determinant of the Rie- 

mannian metric g. The Taylor's expansion of G{p) in a neighborhood of x Q 
is given by 

Sg(x ) ^ , n j 



G(p) 



1 



6n 



-p Z + o(p z ) 



where S g (x ) denotes the scalar curvature of M at x Q . 

Let B(x ,S) be the geodesic ball centred at x and of radius 5 such that 

< 25 < d and denote by r\ a smooth function on M such that 

1 on B(x , 5) 

on M - B(x , 28) ' 

Consider the following radial function 



7](x) 



u e (x) 



. (n — 4)n(n 2 — 4)e 4 . ™=± rj(p) 
7W) 8 {{pOf + e 2 



n — 4 
I 2 
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with 

= (l + ||a|| r + ||&U* 

where p = d(x a , x) is the distance from x Q to x and f(x Q ) = m&x x£ M f{x). 
For further computations we need the following integrals: for any real posi- 
tive numbers p, g such that p — q > 1 we put 

n= / -dt 

P Jo U + *) p 
and the following relations are immediate 

q _ p-q-l +1 _ q+1 

J P+l ~ p ll P ana >+l - p- q - 1 P+l- 

8. Application to compact Riemannian manifolds of dimension 

n > 6 

Theorem 10. Let (M,g) be a compact Riemannian manifold of dimen- 
sion n > 6. Suppose that at a point x Q where f attains its maximum the 
following condition 

Afjxg) \( (n-\)n (n 2 + An - 20) 1 \ 

/(O 3^(n2-4)(n-4)(n-6) (1 + Wr + || b y^ J 5 

ZioWs . Then the equation $J\) has a non trivial solution with energy 

1 



J x (u) < 



— n ^ 

K 4 {m&x xeM f (x)) 4 

Proof. The proof of Theorem [10] reduces to show that the condition 
(IClj) of Theorem [5] is satisfied and since by Lemma [T] there is a i > such 
that t Q u € £ M\ for sufficiently small A, so it suffices to show that 

sup J A (tu e ) < — n — 

To compute the term f M f(x) \u e (x)\ dv g , we need the following Taylor's 
expansion of / at the point x Q 

and also that of the Riemannian measure 

dv g = l- -R ij (x )y t y j + o(p 2 ) 

where Rij(x ) denotes the Ricci tensor at x . The expression of f M f{x) \u t {x)\ N dv g 
is well known (see for example ) and is given in case n > 6 by 

f(x) \u e (x)\ dv g = — _ 4 ( 1 - ( 2(n _ 2)/M + )e + o(e ) 



M K*(f(x )Y 



4 
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where K Q is given by ([K]) and co n = 2 n 1 Iri co n -l an d w n is the volume of 
S n , the standard unit sphere of R n+1 endowed with its round metric. 

to the geodesic ball B(x Q , 5) is computed as 



Now the restriction of 
follows 

du. 



dp 



Op 



B(x ,S) 



\Vu e \ = 9-\n-A) 



(n - 4)n(n 2 - 4)e 4 \ 8 



f(Xo) 



and Since a 6 L r (M) with r > -| we have 



L 



B(x ,S) 



a(x) \Vu e \ 2 dv g < 9' 4 (n-4) 2 



, o (n — 2)r 

° ((§) +^) — 



(n - 4)n(n 2 - 4)e 4 



4\ — 



o L w 



S{p) 



Since 



we get 



B{x ,S) 



a(x)\Vu e \ 2 dv g < #~ 4 (n-4) s 



n — 4 

2 _ ^4\ -5- 



(n - 4)n(n 2 - 4)e 

7RT 



o L w 



r^n-l 



and by the following change of variable 



"~ 1+n ' 21 dp f 1 - ^Ip 2 + ( p 2 ) 



i = (-) 2 i-e- P = 7^ 
e y 



we obtain 



n — 4 

2 _ /|V4\ —4- 



a(x) I Vn e | 2 cfo 9 < n r-i (n-4) 2 ^ >-}— 

B(xo,S) V J\ x o) 

t2 ' r-1 



|a|| r wi_ie 



r f -(n-4)+2-2 



(n-2)r 



6n 



(n — 2)r 



+ o(e 2 ) 



letting e — )• we get 

(s) \Vu e \ 2 dv g < 2- 1+1 r6- r < 1 --r){n-A) 



(* + l) 
2 (in — 4)n(n 2 - 4)e 



B(a5 Q) 5) 



n — 4 

2 y|^4\ -r - 



/(Xo) 



1-i -(„_4)+2-S 
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Then 



f a{x) | Vn e | 2 dv g < 2- 1+ h- n ^ (n-4) 2 

JB(xo,S) 



n — 4 

2 _ A\A\ ~ 



(n - A)n(n 2 - 4)e 
7RT 



,. l-i f -(n-4)+2-Q 

|a|| r w„_Je 



1 _l_ n ~2 r— 1 

Aj (u-2)r 
r-1 



^ 1 Q f rp \ n i r n — 2 r 

It remains to compute the integral f B / Xo 2S)-b(x S) l^ n e| 2 dv g . 

First we remark that 

ri^r? n /i\2(5-p+i) 

/ e h( t)—L—dt <C -) =Ce 2 ^- 1 ) 

and since p — q = n — 4 > 3, we obtain 



(t + i)p 



di = o(e 2 



and then 
(19) 

Finally we get 



L 



B(x o ,2S)-B(x ,S) 



a(x) | Vu t \ 2 dv g = o(e 2 ). 



/ a{x)\Vi 
Jm 



dv g < 2- 1+ h- n ^ (n-4) 2 



'£| 



(n - 4)n(n 2 - 4)e 4 
7R) 



l«llr W n-l e 



l-i _(„-4)+2-2 



r l+ 



n-2 i — 1 



i — i 



Letting 

n_i_1 / x r—1 

(2 „) A = ig ( - 4>1 *<"■'-'>" (,(„» - 4))=? ( /, ■ 



ra — 2 I r 

2 'r-1 
(re-2)r 
r-1 



we obtain 



/ a(x)\Vu e \ 
Jm 

Now we compute 



2 ^<e 2 -^-"^r. 



A 



Kl{f{x ))^ 



l«ll,(l + 0(6 2 )). 



/ Kx) 
Jm 



u e dv g = 



>B(x ,S) 

and since b £ L S {M) with s > j, we have 



b(x)u 2 dv g + / b(x)u 2 dv g 

JB(x ,28)-B(xo,S) 



[ b{x) 
Jm 



u 2 dv g < \\b\\ s \\u e \\ 2 _2s_ . 

s — 1 



Independently 



(n - 4) n (n 2 - 4) e 



4 \ 4 



20 



MOHAMMED BENALILI AND KAMEL TAHRI 



\ u e\\J^,B(x ,S) 



n — 4 

2 _ A\A\ ~ 



(n - 4)n(n 2 - 4)e 



(n-4)„ , , 

((p0) 2 + e 2 )^T \Js(r) 



and 



S(r) 



consequently 



(n - 4)n(n 2 - 4)e 

7(^T 



dr 



(n — 4)s 



'° ((p^) 2 + e 2 )l^T 
And putting t = (^-) 2 , we get 



1 - 



?r,B(x ,*) 



^ (Xo) p 2 +o(p 2 ))cip 



6n 



(n - 4)n(n 2 - 4)e^ 



K-i) s e 



2 ./, ~~ 



-n-2 



■dt- 



^o) £ n+2 /^ ( ~ ) 



(t + 1) (s- 1 ) 

Letting e — > 0, we get 



12n 



7 

Jo 



—dt + o(e n+2 ) 



1^11^,5(^,(5) 



n — 4 

2 _ /|W4\ — 



(n - 4)n(n 2 - 4)e 



(t + 1) f^- 1 ) 

> ^^T 1 ,-n+4+4- 



x^(y)^ 
Hence 



+oo 



-dt 



12n 



Jo 



I l|2 



T ,B(x ,<5) 



n — 4 

2 _ /l\^4x — 



(n - 4)n(n 2 - 4)e 



(t + 1) 



x# ^(y) s 

Or 



\U e \\ 2s 



+oo 



fa 



(n — 4)s 



Yin 



-oo t f+i 



+ 



(n— 4)s ' V 



(n - 4)n(n 2 - 4)^ 4 (^ n _ x \^ 4 _n * 



/(Xo) 



T 2 

1 (»-4)s 



r 2 ( g -i)s 9 (* ) / » \- » +1 

12n S V%fJ %f 1 
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Finally, by the same manner as in equality (I19D we get 

re — 4 

(n - 4)n(n 2 - 4)\ 4 ,w B -uti ^s..^ 



75=17- 



Putting 



(21) B = Ko ((n - 4)n(n 2 - 4)) — (===±) — 

Z V (s-l) 

we get 

/ b{ X )uldv g <e^e-^ J l&ll ' g n _ 4 (l + ( e 2 )). 

The computation of J" M (Ati e ) 2 eh; 5 is well known see for example ( |llj ) and 
is given by 

f /a \2 i G- n / n 2 +4n-20 _ . . 2 . 2 

/ Au £ dv g = — — 1 - — — — Sg{x )e + o(e 

Jm i^ 4 (/(x ))V V 6(n 2 -4)(n-6) 

Resuming we get 

a— n 

\2 / \ I t-7 i2 , , / \ 2 



(Au e ) - a{x) \Vu e \ + b(x)u e dv g < — E — 

'i K 4 f(x )— 



Now, we have 



r ii i|2 1 x-r \ \ / \\N 



J\ (tu e ) < J (tu e ) = — \\u e \\ - — f(x) \u e (x)\ dv 



2 " " N 



M 



■ {I 



< a " i ^ 2 (l + e^lT^A ||a|| r + e^O-^B \\b\\\ - ? 

+ 



A/(x ) 5 g (x ) \ In n 2 + 4n-20 



2(n-2)/(x D ) 6(n-l)/ JV 2 6 (n 2 - 4) (n - 6) 

+o( £ 2 ) 

and letting e small enough so that 

1 + e 2 ~^9'^A ||o|| r + e 4 ""r^B ||6|| a < (1 + ||a|| r + 



and since the function <p(t) = ay — jt, with a > and t > 0, attains its 

i 

maximum at t = a N ~ 2 and 

/ \ 2 re 

<p(t ) = -a*, 
n 
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Consequently, we get 



+ 



29~ n 

JX (tUe) < E — {1 + IMIr + W b \\a 

Af(x ) S g (x ) \ 1 2 n 2 + 4n^-20 ' 



2(n-2)/(x„) 6(n-l)y JV 2 °6 (n 2 - 4) (n - 6) 



+ 



Taking account of the value of 9 and putting 

/ Af( Xo ) S 9 (x ) \t N 1 n 2 + 4n-20 2 

W V2(n-2)/(x ) + 6(n-l)J N 2 6 (n 2 - 4) (n - 6) g { ° } 
we obtain 

9 

sup Ja (tu e ) < 



11. n i 

*>o nKoMmax^f/W)^ 1 
provided that i?(t ) < i.e. 

A/(x ) / n (n 2 + 4n - 20) 1 n-2 \ 

f (x ) < \3 (n + 2) (n - 4) (n - 6) (1 + || o| | p + || 6 y| 3 (n - 1) ) 9 {Xo> ' 

Which completes the proof. □ 

9. Application to compact Riemannian manifolds of dimension 

n = 6 

Theorem 11. /n case n = 6, we suppose that at a point x Q where f 
attains its maximum S g (x Q ) > 0. Then the equation |7]J has a non trivial 
solution. 



M 



Proof. The same calculations as in case n > 6 gives us 

f(x) \u e (x)\ N dv 9 = g - 4 ( 1 - (^%7TT + 7^i> 2 + °(< 2 ) 



KoHf(x ))^\ V 2(n-2)/(x ) 6(n-2)- 



Also, we have 

/ a(x) |Vu e | 2 < JI°M (l + ( e 2 )) 

Jm K*(f(x )) — 

and 

/ 6(x)^ g < J b ^ B ni £ *-U-^ + (l + o (<?)). 

Jm Ko 4 (/(x ))V 

where ^4 and 73 are given by (|2U|) and (|2ip respectively for n = 6. The 
computations of the term J M (Au e ) dv g are well known ( see for example 

f i a \>j /■ \ a-n< A\2 / i n ~ 4)n(n 2 - 

/ (Aue) dv(g) =9 (n - 4) ( 77-^ ) 4 -15— 
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x 2_ e _ 2Sg{xo)e2 ^ + ^ 

I (A^) 2 dv g = s n _ 4 (l - 2{n -\_ 1 S g ( Xo )e 2 log (I) + 0( 

Jm K*(f(x ))—\ n 2 (n 2 -4)/ n 2 1 V^ 2 / 

Now resuming and letting e so that 

1 + e 2-7#-^ ||6|| s + e 4 -7r^6 ||a|| r < (1 + ||a|| r + ||&|| s ) * 

we get 

J\ (u t ) < i ||u e || 2 - J fix) \u e (x)\ N dv g 



< 



^o 4 (/(^o))- 

-0- 2 S ff (x o )iVlog 



t 2 1 4 ^ 

Va+iHir+iN.) 1 "--^ 



__. . . +0(e 2 ). 

n 2 (n 2 - 4) J n 2 

The same arguments as in the case n > 6 allow us to infer that 

2 

max J A (t« e ) < ^ — 

^° nK*(f(x )) — 

if 

5 9 (x ) > 0. 

Which achieves the proof. □ 
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